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Transverse mode-coupling instability (TMCI) with a high-frequency resonator wake is examined
by the Nested Head-Tail Vlasov solver (NHT), where a Gaussian bunch in a parabolic potential (GP
model) is represented by concentric rings in the longitudinal phase space. It is shown that multiple
mode couplings and decouplings make impossible an unambiguous definition of the threshold, unless
Landau damping is taken into account. To address this problem, instead of a single instability
threshold, an interval of thresholds is suggested, bounded by the low and high intensity ones. For
the broadband impedance model, the high intensity threshold is shown to follow Zotter’s scaling,
but smaller by about a factor of two. The same scaling, this time smaller than Zotter’s by a factor
of four, is found for the ABS model (Air Bag Square well).
I. INTRODUCTION
In principle, there are two distinct approaches to beam
stability problems: the beam can be represented by a
set of either macroparticles or continuous objects. The
first choice leads to macroparticle tracking simulations,
while the second one is applied in Vlasov solvers. Each
of the methods has its advantages and drawbacks. The
main advantage of the macroparticle approach lies in its
potential to be closer to reality. This closeness may re-
quire, though, a lot of macroparticles, i.e. a lot of CPU
time, which is a serious drawback. Vlasov solvers can be
many orders of magnitude faster than typical macropar-
ticle programs, but it remains to be unresolved how to in-
clude there, with accuracy and effectiveness, such factors
as the space charge, certain kinds of Landau damping, or
the electron cloud.
This paper deals with a problem where Vlasov solvers
apparently demonstrate their power in full: the trans-
verse mode coupling instability (TMCI) without space
charge. This instability used to be considered as one
with a sharp threshold, i.e. which growth rate rapidly in-
creases with the bunch intensity above its certain thresh-
old value. That sort of TMCI behavior was demonstrated
for the non-resonant wake functions, like the resistive wall
one, possibly accompanied by a damper, see ref. [1, 2].
If the calculated threshold is sharp, even a strong vari-
ation of the Landau damping may only slightly change
the onset of the instability, thus justifying the omission
of the Landau damping in the threshold computation. A
question may be asked though: is the TMCI threshold al-
ways as sharp as for the resistive wall type wakes? This
question is especially motivated for short or highly os-
cillating wakes within the bunch length, where multiple
mode couplings and decouplings may be important. Be-
ing driven by these questions, we limit our consideration
here by high-frequency resonator wakes, i.e. by those
which wavelength is shorter than the bunch length.
Using NHT Vlasov solver [1], it is shown below that
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the TMCI threshold is not actually sharp for the high-
frequency wakes: as the bunch intensity begins to in-
crease, the first couplings that appear are weak, being
soon followed by the decouplings. With further increase
of the intensity, mode couplings become stronger, with
higher growth rates and larger coupling-decoupling inter-
vals. As a result, the growth rate rises rather gradually
with the intensity, making the very concept of the TMCI
threshold vague unless the Landau damping is specified.
Such sort of instability, with a cascade of the thresholds,
was observed at the SPS, see e.g. Refs. [3, 4].
To deal with this conceptual uncertainty, the TMCI
threshold can be represented by two intensities, low and
high, with the former showing the first, very weak, mode
coupling, and the latter pointing to a case where the
growth rate increases sharply, soon after its appearance
becoming comparable with the synchrotron tune. The
asymptotical scaling of the high-intensity threshold is
found in agreement with estimations of B. Zotter [5] and
E. Metral [6], with a difference of numerical coefficients
by a factor of ∼ 2.
A sensitivity of the TMCI thresholds to the shape of
the potential well was examined by comparison of the
Gaussian bunch in the parabolic bucket with the air-bag
bunch in the square well. For the latter, we used Blask-
iewicz’ model as implemented in Ref. [7]. Reasonable
agreement of the two models is demonstrated.
II. PARABOLIC POTENTIAL WELL
The resonator wake function can be presented as
W (τ) = W0 sin(ω̂ τ) e
ωrτ/(2Qr); W0 = Rs
ω2r
ω̂ Qr
, (1)
where Rs is the transverse shunt impedance, frequency
of oscillation
ω̂ =
√
ω2r − α2, (2)
and the decay rate related to the resonant frequency ωr
by means of the Q-factor Qr:
α = ωr/(2Qr). (3)
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2At zero chromaticity, assumed at this paper, the prob-
lem is expressed in terms of the following dimensionless
parameters:
χ =
Npr0R0W0
4pi γ β2QβQs
=
Npr0
γ β Qβωs
Rsω
2
r
ω̂ Z0Qr
(4)
ψr = ωrστ ≡ 2pi νr; ∆r = αστ . (5)
Here Z0 = 4pi/c = 377 Ohm, r0 is the particle classical
radius, Np is the number of particles per bunch, στ is the
rms bunch length, R0 = C0/(2pi) is the average acceler-
ator ring radius, Qβ is the betatron tune, Qs and ωs are
the synchrotron tune and angular frequency, γ and β are
the Lorentz factors.
An important motivation for this paper was under-
standing of the instability at CERN SPS, where the
threshold was both measured and computed. Assuming
the high frequency resonator wake, the latter has been
done with the MOSES Vlasov solver and the HEAD-
TAIL tracking [3, 8] for the old Q26 lattice, and re-
cently repeated for the new Q20 optics in the tracking
simulations [9]. A surprising result of all the computa-
tions, both old and new, was nearly complete indepen-
dence of the threshold on the space charge. In order to
understand that, a more detailed look at the instability
without the space charge for the high frequency broad-
band impedance model is needed as the first step. To
make it easier, we are presenting our results in terms
of the threshold number of particles per bunch Np, as-
suming the SPS optics Q20 with the gamma transition
γt = 18, at injection energy 26 GeV, the synchrotron tune
Qs = 0.017 and the rms bunch length σs = c στ = 23 cm.
In terms of the dimensionless χ parameter, Eq. (4), the
relation between that and the number of particles can be
presented as:
χ = 10
Np
1011
ωr
2pi · 1.3 GHz
Rs
7 MΩ/m
√
3
4Q2r − 1
. (6)
Let’s start from the SPS impedance model of the
broadband resonance at fr = ωr/(2pi) = 1.3 GHz, Qr =
1 and Rs = 7 MΩ/m, with the air-bag approximation.
The bunch modes for various intensities are presented in
Fig. 1.
The air-bag model works with variations of the dipole
moment along the synchrotron phase; it does not take
into account the variations along the synchrotron action,
the so called radial harmonics. In the NHT Vlasov solver,
any number of the radial rings can be taken to represent
the bunch phase space distribution; thus, the radial har-
monics can be included.
Figures 2 and 3 show how sensitive the instability is
to the radial degrees of freedom. Both plots describe
the same bunch and impedance as the air-bag, Fig. 1,
but with more accuracy, taking 5 and 10 radial rings re-
spectfully, as well as double the azimuthal harmonics.
Although there is some visible difference between Figs.
FIG. 1. Bunch modes versus the number of particles for the
SPS at injection and Q20 optics. Coherent tunes q are given
in units of the synchrotron tune; real and imaginary parts are
blue and red respectively. The resonator impedance is taken
with fr = ωr/(2pi) = 1.3 GHz, Qr = 1 and Rs = 7 MΩ/m.
The bunch distribution is represented by a single ring in the
longitudinal phase space, which is the air-bag model, with
the radius
√
2σs. The head-tail harmonics are truncated at
±10. The resonant frequency, Q-factor, number of rings and
head-tail truncation number are noted above the plot.
FIG. 2. Same as Fig. 1, but with 5 NHT rings and head-tail
truncation at ±20.
2 and 3, their main features are similar, so we may rea-
sonably consider them converged, and compare them to-
gether, as the many-ring case, the Gaussian bunch in the
Parabolic bucket (GP model), with the air-bag case. Be-
low we itemize some features of these plots.
• For many rings the mode couplings begin at about
3FIG. 3. Same, but with 10 NHT rings and head-tail trunca-
tion at ±20.
factor of 2 lower intensity than for the air-bag
(ABP) model. The first couplings are weak, soon
followed by the decouplings and new, stronger,
couplings. In this way, the instability growth
rate goes up and down, increasing on the aver-
age. Similar mode behavior was recently observed
with GALACTIC Vlasov solver for the broadband
impedance with νr = 0.7 [10].
• The intensity spread between the weak and strong
couplings is about factor of 3 for these parameters.
Without sufficient knowledge of the Landau damp-
ing, the real onset of the instability can be predicted
only with that poor accuracy.
• Coupling of the negative 2nd and 3rd azimuthal
harmonics happens at the intensity of Np =
4.5 · 1011, in agreement with the pyHEADTAIL
macroparticle tracking simulations [11]. Figure 3
suggests that for those simulations, the effective
Landau damping rate was as small as ≤ 0.05ωs.
How does the instability depend on the wake Q-value,
Qr? Some information on that is suggested by Figs. 4,
5 and 6, which show the modes computed for the same
shunt impedance and resonator frequency, but doubled
Qr. Comparing these plots with the previous three, we
may conclude that in this case the thresholds increased
twofold, as the Q-value. It is worth to note that with
higher Qr, convergence requires more rings.
Figs. 7, 8 illustrate how the instability depends on the
resonator frequency ωr. Comparing them with the corre-
sponding plots for half the resonator frequency, we may
FIG. 4. Same shunt impedance and frequency, but Qr = 2.
Air-bag, head-tail truncation at ±10.
FIG. 5. Same, with 5 rings and truncation at ±20. Note
that the positive modes may also couple, but this does not
play a significant role.
conclude that while the air-bag and low-intensity thresh-
olds are almost the same, the high-intensity threshold
for the multi-ring GP model is doubled for double the
frequency.
Looking at Figs. 3, 6, one may guess that the thresh-
olds will show proportionality to the Q-value for higher
resonator frequency as well. However, comparison of
Fig. 9 with Fig. 8, show that it is not necessarily so:
the two plots demonstrate almost the same high-intensity
threshold, while their Q-values differ by the factor of two.
The presented plots convince the authors that there is
no good analytical fitting for the TMCI threshold ver-
sus frequency and Q-value for high-frequency resonator
4FIG. 6. Same, with 10 rings.
FIG. 7. The resonator frequency is doubled, fr = 2.6 GHz,
the shunt impedance is the same, Qr = 1, air-bag, head-tail
truncation at ±15.
wake, ωrστ  1, for the considered range of parame-
ters. After all, there is no reason for that: in this sort of
computation, finding the minimum of several functional
branches is involved; taking the minimum is not an ana-
lytical procedure.
What about the air-bag approximation? Can it be
considered a reasonable way to estimate the instability
threshold? Plots of the air-bag thresholds versus the
wake phase advance νr = frστ for various Q-values are
presented in Fig. 11. They demonstrate that for Qr = 1,
the fitting formula
χABPth = 40 νr (7)
works well; for all Q-values this linear dependence works
better than other powers of νr. In terms of the number
FIG. 8. Same as the previous Figure, but with 10 rings and
the truncation at ±20.
of particles, it is equivalent to the threshold Nth being
independent of the wake frequency fr when the shunt
impedance Rs is given; for Qr = 1:
NABPth = 6
γ β Qβωsστ
r0
Z0
Rs
. (8)
Such dependence means that only an integral of the
wake, i.e. the shunt impedance, is important for the
threshold number of particles. Figure 10 demonstrates
that for even an higher frequency of 10.4 GHz, the thresh-
old is still the same, albeit the numbers of the coupling
modes are larger. This leads us to the conclusion that the
same threshold has to be expected for the delta-function
wake, W (τ) = Rsδ(τ). On another hand, it can be
proven that the delta-wake cannot lead to any instability
of a thermalized bunch, independently of the potential
well. Indeed, the delta-wake is equivalent to a combi-
nation of the space charge and longitudinally-dependent
external transverse focusing, so the system can be de-
scribed by a time-independent Hamiltonian. Such sys-
tems in thermal equilibrium must be stable: the oppo-
site would violate the Second Law of Thermodynamics.
Thus, the instability threshold of Eq. (8) may follow
only from the inadequacy of the ABP model for the Gaus-
sian bunch, where such dependence shouldn’t be possible.
The phase space density of the air-bag approximation is
a highly non-monotonic function of the longitudinal ac-
tion; moreover, at the bunch edges, τ = ±τb/2 ≡ τˆ , the
5FIG. 9. fr = 2.6 GHz, Qr = 2.
ABP line density has singularities ∼ 1/√τˆ2 − τ2. Those
unphysical properties of the ABP model may be reason-
ably tolerable for long-range wake functions νr  1, but
they lead to inadequate results for the short-range ones,
νr ≥ 1, when the role of the line density singularities
is more pronounced. This conclusion is supported by
comparison of Figs. 3 and 8, taken for doubled wake fre-
quencies and computed with the sufficient number of the
rings. While the air-bag model gives the same threshold
number of particles for the two cases, the multi-ring GP
model points to the increase of both low and high inten-
sity thresholds. The most interesting of them, the latter,
increases by about a factor of 2, proportionally to the
frequency. Led by this observation, one may suggest the
following high-intensity threshold for Qr = 1:
χh = 60 ν
2
r . (9)
or
Nh = 1.5
γ β Qβωsωrσ
2
τ
r0
Z0
Rs
, (10)
where the subscript h stands for high.
The frequency scaling of Eq.(10) agrees with one pre-
dicted by B. Zotter [5] and E. Metral [6], while their
numerical factors are about two times larger. On an-
other hand, as shown in the next section, the high inten-
sity GP instability threshold (10) exceeds by factor of 2
the high-frequency asymptote of the TMCI threshold for
FIG. 10. Air-bag with 10.4 GHz wake, same Rs and Qr = 1.
Although the threshold is same as for the lower frequency, the
coupling mode numbers are higher.
the ABS model. Elias Metral drew our attention to an
article of J.-L. Laclare [12], where the TMCI threshold
for high-frequency broadband impedance was indepen-
dently calculated. It was proposed by Metral, that there
is a typo in the vertical axis label of the last Laclare’s
plot, Fig. (37): instead of εthZ⊥prB0 there must be just
εthZ⊥. Indeed, the numbers in the textual surrounding of
this plot confirm this guess very well. A possible reason
for that sort of typo might be just lost round brackets,
closing prB0 as the argument. Following this guess, one
may express the linear high-frequency dependence of La-
clare’s Fig. (37) in terms of this paper, and obtain our
Eq. (10) with just slightly higher numerical factor, 1.7,
instead of our 1.5.
It’s interesting that Zotter’s scaling (10) is identical
to one of the coasting beam, as it was noted by E. Me-
tral; this becomes obvious after a substitution ωsσ
2
τ =
|η| z/(γ β2mc2), where η is the slippage factor and z is
the rms longitudinal emittance. If this agreement is not
a coincidence, the same scaling would be valid rather in-
dependently of the Q-value. Our current data and under-
standing of the issue does not allow us making a definite
statement on that.
FIG. 11. Threshold χ parameters for the ABP model versus
the phase advance νr = frστ at various Q-values. The dashed
line is a linear fit χABPth = 40 νr for Qr = 1.
6The low-intensity threshold can be fitted as
χl = 20 νr; Nl = 3
γ β Qβωsστ
r0
Z0Qr
Rs
, (11)
with the subscript l standing for low. For Qr = 1, the
two thresholds merges at ωrστ ≈ 2. For the SPS Q20
parameters it corresponds to fr = 0.45 GHz. According
to that, the TMCI threshold must be sharp at frequency
below this value. Figure 12 confirms that, showing the
spectra slightly above this high-low merge, when the in-
tensity interval between them is almost zero. Although
the low-intensity threshold (11) has the same scaling as
the ABP one (8), the former does not necessarily contra-
dict to the Second Law of Thermodynamics in the sense
as the latter does. Indeed, with increase of the wake fre-
quency, the instability growth rate at the low-intensity
edge may become smaller and smaller, which tendency is
confirmed by the presented plots.
FIG. 12. The spectrum at the resonator frequency just
slightly above the high-low merge, νr = 0.4. Note the tiny
intensity interval between a week and a strong coupling of
the mode 0 with different modes −1. Below this frequency,
the TMCI threshold is sharp.
III. SQUARE POTENTIAL WELL
How sensitive are the thresholds to the potential well
shape? In order to shed light on that, we consider a
bucket rather dissimilar to the parabolic one: the square
well. The analysis in the previous section forced us to
conclude that the air-bag model is not a good represen-
tative of a Gaussian-like bunch in the parabolic potential
well. However, this conclusion is not necessarily valid for
the square well, where the line density never goes to infin-
ity. The possibility of an exact analytical solution with
an arbitrary space charge and any combination of the
resonator wakes, demonstrated by M. Blaskiewicz [13],
suggests that the air-bag bunch in the square well may
be particularly interesting. Led by this interest, we con-
sider here the instability for the air-bag distribution in
a square well, the ABS model, following the same rou-
tine as we recently have [7]. A space charge of zero is
assumed here; instead, we vary the wake frequency and
Q-value and study how the instability threshold changes
with that. Our main task here is to see the level of agree-
ment between the GP and the ABS models.
For that, we take the total length of the ABS bunch,
τb, equal to three rms lengths of the GP case: τb = 3στ .
With this convention, the SPS wake model with fr =
1.3 GHz results in the ABS phase advance frτb = 3 νr =
3. Figure 13 shows the coherent spectra for this and
doubled resonator frequencies. Their comparison demon-
strates that the numbers of the coupled modes grow lin-
early with the wake frequency, as 2 frτb. This is different
from the GP case, where, as it was shown above, a se-
ries of couplings and decouplings were observed, where
the instability rate increased on average with the bunch
intensity.
FIG. 13. Collective spectra for the ABS model. Only real
tunes are shown; the mode couplings are marked by dots.
Comparison of the left and right plots show that when the
wake frequency doubles, numbers of the coupling modes dou-
ble too.
ABS thresholds versus phase advances are presented
in Fig. 14. The asymptotes suggest dependence ∝ 1/Q2r.
This idea leads to a fitting of Fig. 15, which appears to
be rather good. At Qr = 1 and sufficiently high decre-
ments, α τb  3, this dependence is of the same scaling
as our GP result for the high-intensity threshold, being
about half that result. For Qr = 1, the same scaling was
suggested by B. Zotter [5] and by E. Metral, Ref. [6],
with different numerical factors. Zotter’s and Metral’s
thresholds are ∼ 3−4 times larger than our ABS asymp-
totic value, correspondingly. This reasonable agreement
of the ABS threshold with results of the more realistic
GP model without any space charge adds more confi-
dence to the ABS model when it takes the space charge
into account, as we do in Ref. [7].
For the accepted SPS impedance model with fr =
1.3 GHz, the rms bunch length στ = 0.77 ns, and the
phase advance νr = frστ = 1.0, the ABS model yields
the threshold intensity Np = 4.5 · 1011, which amazingly
is almost identical to the one obtained by pyHEADTAIL
tracking simulations, Np = 4.2 ·1011 [9, 11]. This number
is about 1.5 times below the GP high-intensity thresh-
old, suggesting a rather small Landau damping rate,
≤ 0.05ωs, for the tracking conditions. Similarly good
7Qr
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FIG. 14. ABS thresholds versus phase advances for various
Q-factors.
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FIG. 15. ABS thresholds can be reasonably fitted by the
shown dependence on the wake decrement α τb. Color con-
vention is the same as in the previous figure.
agreement is found between the ABS and the HEAD-
TAIL tracking simulations for the old Q26 optics [8], giv-
ing the same threshold intensity Np = 1.8 ·1011, although
the coupling mode numbers are not the same.
IV. SUMMARY
Transverse mode coupling instability has been exam-
ined by means of the Nested Head-Tail Vlasov solver
(NHT) for a Gaussian bunch in a parabolic bucket (GP
model) and the ABS model (Air-Bag, Square well) for
high-frequency resonator wakes, frστ ≥ 1, with various
phase advances frστ and decrements αrστ . For the GP
case, it has been found, in agreement with Ref. [3, 4],
that radial modes make the very concept of this threshold
rather vague, due to multiple couplings and decouplings
of various modes, with a gradually increasing growth
rate. Thus, for high-frequency resonator wakes, the in-
stability onset cannot be regularly predicted with good
accuracy, unless Landau damping is taken into account.
An appreciable agreement was seen between the NHT re-
sults and the HEADTAIL and pyHEADTAIL multiparti-
cle simulations for the SPS broadband impedance model,
[8, 9, 11]: the same modes -2 and -3 couple at almost the
same bunch intensities. It can be said that an amazingly
good agreement was found between the ABS threshold
and the tracking results: the thresholds do not differ by
more than ∼10–15%; however, the coupling mode num-
bers are not the same. A fit for the high-intensity thresh-
old of the GP bunch with the broadband impedance,
Qr = 1, was suggested, being ∼ 2 times lower than the
analytical predictions of B. Zotter [5] and E. Metral [6].
The same high-frequency scaling law was obtained for the
ABS model, with the numerical coefficient about half our
high-intensity GP threshold.
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